We construct canonical realizations of the bms3 algebra as symmetry algebras of a free KleinGordon (KG) field in 2 + 1 dimensions, for both the massive and massless case. We consider two types of realizations, one on-shell, written in terms of the Fourier modes of the scalar field, and the other one off-shell with non-local transformations written in terms of the KG field and its momenta. These realizations contain both supertranslations and superrotations, for which we construct the corresponding Noether charges.
I. INTRODUCTION
Recently there has been a renewed interest in the BMS group [1] . The BMS invariance of the gravitational scattering matrix has been proved in [2] and, as a consequence of this result, Weinberg's soft graviton theorems [3] can be understood as the Ward identities of BMS supertranslations [4] [5] [6] [7] . The relation between supertranslations, gravitational memory and soft gravitons theorems has also been studied [8] . There is a proposal that the information paradox [9] could be understood in terms of black hole soft hair associated to supertranslations and superrotations charges [10] [11] . On the other hand, the BMS group could play a crucial role in understanding holography in asymptotically flat space times [12] [13] [14] [15] . BMS symmetry is an infinite conformal extension of the Carroll symmetry [16] , which was introduced in [17] as a limit of the Poincaré algebra when the velocity of light is scaled down to zero. A pedagogical overview of the role of BMS symmetries in most of these topics is presented in [18] .
In this paper we construct a canonical realization of the bms 3 algebra [19] [20] with supertranslations and superrotations [15] associated to a free Klein-Gordon (KG) field in 2 + 1 dimensions, for both massive and massless fields. Following the procedure in [21] , we consider, in the massive case, the mass-shell hyperboloid representation of the hyperbolic plane H 2 , and compute the associated Laplace-Beltrami operator. It turns out that the three dimensional momenta is an eigenfunction of the differential operator with eigenvalue 2 m 2 , where m is the mass of the scalar field and the 2 comes from the dimension of the hyperboloid. This property suggests to compute all * carles.batlle@upc.edu † vicmancr@gmail.com ‡ gomis@ecm.ub.edu; also at Theory Group, Department of Physics, University of Texas Austin, TX, 78712 the eigenfunctions of this operator corresponding to that eigenvalue with the same asymptotic properties that the three momenta. This allows to generalize the momenta to an infinite set of supermomenta. These momenta yield an infinite dimensional representation of the (2+1) Lorentz group, and leads to the definition of the generators of the supertranslations in terms of the Fourier modes of the KG field. The mass-shell condition for a massless scalar field results in a cone, for which a Laplace-Beltrami operator cannot be constructed. To get around this, we consider the massless limit of the Laplace-Beltrami operator on the hyperboloid [22] . Once we have the suitable differential operator, the construction goes in parallel with the massive case.
We also construct a generalization of the Lorentz generators which corresponds to superrotations.
In the massless case, the algebra of supertranslations and superrotations is the bms 3 algebra introduced in [23] . In the massive case, the superrotation generators that we introduce must be separated into two different sets which both contain the Lorentz part, and each set corresponds to a subalgebra of bms 3 . It should be noted that the differential operators appearing in our construction are one of the two Casimirs of the 2+1 Lorentz group.
At the quantum level, the Hilbert space of one-particle states supports a unitary irreducible representation of the Poincare group, and at the same time a unitary reducible representation of the BMS 3 group. In contrast with the gravitational approach, our canonical realization of the supertranslations symmetry is not spontaneously broken. Unitary representations of BMS 3 have been also considered in [24] [25] .
We study the off-shell (Noether) supertranslation and superrotation symmetries of the massless Klein-Gordon action, and compute the associated Noether charges. These charges are expressed as non-local linear functionals of fields and momenta. The same construction is carried out for the supertranslations in the massive case.
The organization of the paper is as follows. In Section 2 we construct the supertranslations and superrotations in terms of the Fourier modes of the KG field. In Section 3 we construct the transformations in terms of fields and momenta. Section 4 is devoted to conclusions and outlook. Appendix A presents explicit forms for some of the functions that appear in the non-local transformations obtained in Section 3, and Appendix B discusses the geometry of the mass-shell hyperboloid in (2+1) dimensions. We use the Minkowski metric (− + +) throughout the paper.
II. CANONICAL REALIZATION OF BMS3
A. Canonical realization of Poincaré symmetry for a scalar field
The lagrangian density for a real massive scalar field is given by
The solution of the Klein-Gordon equation, in terms of Fourier modes a( k), is
where the phase space Fourier modes have the Poisson bracket
The Lorentz invariant integration measure in the hyperbolic plane H 2 is
(4) Noether's theorem allows us to write down the expression for the conserved charge under translations. By use of the solution of the equations of motion (2) the charges on-shell can be written as
and their action on the Fourier modes is given by
The analogous Lorentz charges on-shell are
for rotations, and
for boosts. We define the truncated time-independent Lorentz generators
that satisfy the Poincaré algebra as well, and have the following Poisson brackets (we drop the prime and will work with these generators henceforth unless otherwise stated)
The action of Lorentz generators on the Fourier modes is given by
where D µν is a realization of the Lorentz group in terms of the differential operators
One can check that the generators J, K 1 and K 2 obey the SO(1, 2) algebra
B. Supertranslations
In order to construct a canonical realization of BMS 3 we follow the procedure of [21] to construct supertranslations. The idea is to generalize the ordinary three dimensional momenta k µ to an infinite set of "supermomenta" and to generalize the realization of the charge of the translations on-shell (5).
Massive case
Consider the k 0 > 0 sheet of the mass-shell hyperboloid representation of the hyperbolic plane H 2 ,
in a space with ambient Minkowski metric
The manifold H 2 is invariant under the isometries of the metric, that is ISO(1, 2). We can parametrize (17) for k 0 > 0 as
In terms of the 2-dimensional momenta, the functions (35) can be written as
This can be further simplified to yield
or
One can check that the subspace of functions spanned by u 0 , u 1 , v 1 , or, alternatively, by w 0 , w 1 and w −1 , is invariant under the action of the 2 + 1 Lorentz group. In general the action of the Lorentz generators on the w ℓ is given by
Defining
and therefore K ± w ℓ are raising and lowering operators.
Since each function w ℓ defines a (super)translation in the phase space of a massless scalar particle, we define the supertranslations generators as
It is easy to check that these supertranslations commute
Their action on the Fourier modes is given by
Let us see how Lorentz generators act on them. A Lorentz generator O is represented by
with O k a first order differential operator in k. For instance, for the rotation J one has
while for the boost generators K i ,
One can show that
and hence it suffices to know the action of the generators on the funtions w ℓ . In particular, one gets
This is the analogous in 2+1 dimensions of the four dimensional BMS algebra [1] [21] . The generalization of the algebra to include superrotations will be discussed after we consider the massless case.
Relations (50) and (54)- (57) imply, at the quantum level, that the Hilbert space of one-particle states supports a unitary irreducible representation of the Poincare group, and at the same time a unitary reducible representation of the BMS 3 group. In contrast with the gravitational approach, our canonical realization of the supertranslations is unbroken.
Massless case
Now we want to construct the canonical realization of BMS associated to a three dimensional massless free scalar field. In this case what previously was a hyperboloid is now a cone
that can be parametrized as
with r > 0 for k 0 > 0 and φ ∈ [0, 2π). This can be obtained from (19)- (21) putting z = r/m and then letting m → 0. [22] However, a non-degenerate induced metric does not exist and the standard construction of the Laplace operator fails. Instead, we scale the operator in (29) by m 2 and replace z = r/m,
In the limit m → 0 one gets
which turns out to be independent of φ. As in the massive case, we look for solutions of
of the form
The function f (r) must obey
This equation has independent solutions f 1 (r) = r and f 2 (r) = 1/r 2 , and hence the regular solution at r = 0 is f (r) = r. The supermomenta that we are looking for are
up to a normalization constant. The expression in terms of momenta is given by
Notice that in the massless case the dependence of r in the boundary and in the bulk is the same, that is, there are no corrections in 1/r like in the massive case. The SO(1, 2) generators on the cone are given by
As in the massive case, it turns out that the purely differential part of D massless is proportional (actually equal in this case) to one of the two Casimirs of SO(2, 1),
Notice that these generators, or more precisely J, K ± = K 1 ± iK 2 , can be written as particular cases (n = 0, ±1) of the more general expression
The action of SO(1, 2) generators on the eigenfunctions w ℓ is exactly the same found for the massive case
which, in particular, shows that the subspace spanned by w 0 , w 1 and w −1 is invariant under SO(1, 2). The supertranslations are still given by
Together with the Lorentz generators, they constitute a realization of the bms 3 algebra. The action of supertranslations on the Fourier modes is analogous to the massive case. Induced representations of BMS 3 have been constructed in [24] [25].
C. Superrotations
We will construct here infinite families of operators generalizing the Lorentz algebra, for both the massless and massive cases.
Massless case
In the massless case, one can generalize (72) for arbitrary n ∈ Z and write down
One can check that these L n obey also the Witt algebra
and that
In terms of k, the differential operators (77) can be written as
and analogously to the case of supertranslations, we define the on-shell generators of superrotations as
which, due to (78) and (79), realize the algebra
This is the bms 3 algebra introduced in [23] .
Massive case
In the massive case, we do not have an initial guess for the form of the superrotations. One may notice, however, that Lorentz generators, once written in the form ξ α ∂ α , α = z, φ, satisfy the following equations
where
since this is the solution of the PDE for massive supertranslations. From the divergence equation, and using that
, one can integrate the angular term to obtain
with f (z) an arbitrary function that we set to zero.
Thus, one may try to define superrotation generators as
where we have multiplied all terms by a factor in. However, these operators do not form an algebra (this can be seen when computing the commutator of T n with opposed sign indices, except in the case n = ±1). Instead, we can define two infinite-dimensional set of generators, each containig the Lorentz part, according to
Both sets of differential operators satisfy the algebra
One has, for the lowest values of n,
Furthermore, the functions w n associated to each set provide a realization of the corresponding algebras,
Defining now the generators of superrotations as in (81) for each set one can construct realizations of two subalgebras of the bms 3 algebra. To sum up, it is possible to extend the set of Lorentz generators to the right with the L n and to the left with the Q n , but, in contrast with what happens in the massless case, it is not possible to merge both extensions into a single algebra. The first equation in (85), which we obtained by generalizing the one satisfied by the Lorentz generators, is clearly non-covariant, but we will show next that, due to the geometry of the mass-shell manifold, it is, in fact, one of the components of a geometrical equation.
The Lorentz generators are the only solutions of the Killing equation
In order to generalize the generators of Lorentz transformations one could consider an equation of the form
with G symmetric and covariantly divergenceless,
Condition (98) is instrumental for what we want to do. Notice, however, that we are not assuming that G is proportional to the metric, and hence (97) is different from the conformal Killing equation. We now take the covariant derivative ∇ µ of (97). Using that ∇ α g µν = 0 and (98), imposing ∇ µ ξ µ = 0, and using
Using the explicit form of the components of the Riemann curvature tensor given in Appendix B, it turns out that
and (99) boils down to [26] 
Evaluating (101) for ν = z, φ yields the pair of coupled equations (103) where ∆ S is the scalar Beltrami-Laplace operator (26) . However, due to
equation (102) can be simplified to
Equations (105) and (104) were our starting point for constructing the superrotation generators, and now have received a sound geometrical foundation, i.e. (99). Furthermore, and one can check that (103) is satisfied by the ∂ φ parts of L n and Q n .
Let us finally notice that the 1-forms l n associated to L n (and likewise for Q n ),
turn out to be eigenvectors of the Hodge-Laplace-de Rham operator∆, [27] 
This adds to the geometrical meaning of our construction, and could be useful for further generalizations.
III. NON-LOCAL BMS SYMMETRIES OF THE KLEIN-GORDON LAGRANGIAN
In this section we will prove that the KG action is invariant under supertranslations and superrotations, and construct the corresponding Noether charges. [28] We will present explicit expressions only for the massless case.
A. Noether Charges of Supertranslations
For the classical Klein-Gordon field, the Fourier modes can be written in terms of the fields φ and π as
where k 0 = | k|. When doing a supertranslation transformation on the fields using P ℓ = d kā( k)a( k)ω ℓ as the generator, one obtains
which can be written in terms of the fields using (108) and (109) 
Notice the symmetry properties
Another important aspect to notice here concerns the values of f ℓ , g ℓ and h ℓ depending on the parity of ℓ. One can check that for ℓ odd, g ℓ = h ℓ = 0, since their integrands are odd functions, and for ℓ even, f ℓ = 0, due to the same reason. This observation implies that a particular supertranslation will not use simultaneously information from a field and its momentum, but from only one of them. Thus, if ℓ is even, δ ST φ will depend only on the field momentum, whereas if ℓ is odd, δ ST φ will need just the value of the field itself. Now we would like to see if we can extended the on shell symmetry to an off-shell Noether symmetry of the massless KG lagrangian. We consider the off-shell realization of (112)(113). The variation of the lagrangian (1) with m = 0 under this transformation is
The second and third terms cancel each other due to f (− x) = −f ( x), while the sixth and seventh terms (the latter upon using ∇ x f ( x − y) = − ∇ y f ( x − y) and integration by parts with respect to y) cancel each one by themselves. Finally, the eighth term can be made to cancel the fifth one by integrating by parts the ∇φ(t, x) and imposing
(which implies also that h( x) = h(− x)). One is left then with
with
and where g(− x) = g( x) and h(− x) = h( x) have also been used. The conserved charge is given by
and one immediately gets
which has the form of the canonical generators P ℓ (49) (in terms of φ and π) for supertranslations.
B. Noether Charges of Superrotations
When acting over the Fourier modes, assuming they vanish sufficiently fast for high momentum (that is, boundary terms can be ignored), one obtains the simple transformation
Again, one can lift from on-shell to off-shell the variations of the fields φ and π in the Hamiltonian formalism under a superrotation
where we have used the expressions of Fourier modes in terms of the field and momentum (108) and (109) offshell, where
In contrast with the supertranslation case, the functions involved in the non-local transformation do not depend solely on the difference y− x but on different combinations of these variables. More explicitly
Here, there is an important remark to make concerning the parity of |n|: if |n| is odd F n =Ĩ n = 0, and if |n| is even G n =H n = 0. For the case of rotations, L 0 = −iJ;
By symmetry properties G 0 ( x, y) = 0, and one can substitute F 0 in (125) and show that the usual rotation is recovered:
Recall that when we defined superrotations in section II C, we used the truncated (time-independent) form of Lorentz generators constructed in (9) . Thus, when trying to recover ordinary boosts, which involve time, we will need to redefine superrotations to take this under consideration. The final form for superrotations will be
which now accounts for time translations. With this definition, one can check that for n = 1, a combination of ordinary boosts is recovered
Hence, the true superrotations generators will be a combination of the already constructed ones plus a proportional term depending on supertranslations. This can be written as follows
The generators R n can be written off-shell as
whereF n andG n as the functions F n and G n in (131) and (132), respectively, but with an extra k 0 factor under the integral sign, while H n and I n are defined as the corresponding functions but with an additional 1/k 0 factor. The G n given in (140) are constants of motion
where we have used that H = P 0 . This was expected, since the Lagrangian is invariant under Lorentz transformations.
The new field variations, δ Gn φ = −ntδ ST φ + δ SR φ, are solutions on-shell of the massless Klein-Gordon equation:
y) . (143)
Using now the on-shell conditionπ =φ = ∇ 2 φ, integrating by parts and using symmetry properties of g in the first integral, and expanding the second one, and using then h n = ∇ 2 g n , it is immediate to see that δ Gn φ = 0. The algebra of charges is
Thus we have found another realization of superrotations, which now reduce to the true Lorentz generators as defined in (8) . Indeed,
IV. CONCLUSIONS AND OUTLOOK
Using the canonical formalism for a real scalar field, a realization of the BMS group in 3 dimensions has been constructed in the space of Fourier modes, for both the massive and the massless case. In the massless case, the superrotation extension of this group can also be constructed by generalizing the Lorentz group in a similar way as it is done for supertranslations.
In the massive case, we have constructed in an heuristic way a set of generators which generalize those of the Lorentz group and reproduce the corresponding part of the bms 3 algebra. We have shown how our starting equations arise in a geometrical setup, and have also obtained an equation for the 1-forms associated to the generators.
However, unlike what happens in the massless case, the superrotation generators must be split into two different extensions of the Lorentz algebra, each spanning a subalgebra of bms 3 .
At the quantum level, the Hilbert space of one-particle states supports a unitary irreducible representation of the Poincare group, and at the same time a unitary reducible representation of the BMS 3 group. Both are realized in an unbroken way.
The BMS 3 transformations are realized as symmetries of the KG action in terms of linear non-local functionals of the field and the canonical momentum. The corresponding conserved Noether charges have been computed.
Besides obtaining a better understanding of the extension of superrotations in the massive case, some further questions are still open for future work.
There was the belief, in the gravitational approach, that BMS was not present in higher dimensions. From the viewpoint considered in this paper, there is no reason to think so, and the method presented here could help to investigate it. In fact, it can be proved that the canonical realization of BMS in higher dimensions does exist [33] .
One could also try to add a fermionic field to the present model in order to get a field supersymmetric theory, and see whether there are still conserved charges generated by the extended BMS transformations. In the gravitational approach this has been studied in [34] [35] [36] [37] .
Finally, there is the question of the physical interpretation of the BMS symmetries and charges in the framework that we have used. A possible way to throw light into this issue is to try to construct particle models exhibiting these symmetries, using the method of nonlinear realizations. [38] We also conjecture that the nonlocality of the transformations is due to the fact that they are computed for fields depending only on the standard space-time coordinates, and that they would become local for fields depending also on the supercoordinates associated to the supermomenta, i.e. the generators of supertranslations.
